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An Apollo CM i s  c o n s i d e r e d  t o  b e  i n  v e r t i c a l  d e s c e n t .  
It i s  suspended  b y  t h r e e  p a r a c h u t e s  i n  such  a way t h a t  i t s  main 
a x i s ,  when i n  e q u i l i b r i u m ,  m a k e s  an  a n g l e  o f  e o  w i t h  t h e  v e r t i c a l .  
However, as t h e  CM f a l l s  it o s c i l l a t e s  i n  a random manner abou t  
e o  and  twis t s  randomly r e l a t i v e  t o  t h e  v e r t i c a l .  T h i s  b e h a v i o r  
i s  combined w i t h  a s t a t i s t i c a l  d e s c r i p t i o n  o f  t h e  ocean  and a n  
e x p e r i m e n t a l l y  de t e rmined  f u n c t i o n  g i v i n g  t h e  a c c e l e r a t i o n  a l o n g  
t h e  main a x i s  of t h e  CM upon impact w i t h  t h e  ocean  t o  y i e l d  a n  
e s t i m a t e  of t h e  p r o b a b i l i t y  t h a t  t h i s  a c c e l e r a t i o n  w i l l  exceed  
a g i v e n  number of g ' s .  It i s  found t h a t  t h e  normal  m i s s i o n  l i m i t  
i s  exceeded  l e s s  t h a n  5% o f  t h e  t i m e ;  wh i l e  t h e  p r o b a b i l i t y  o f  
e x c e e d i n g  t h e  emergency m i s s i o n  l i m i t  i s  e s s e n t i a l l y  z e r o .  A 
more d e t a i l e d  summary of  r e s u l t s  i s  g i v e n  i n  S e c t i o n  6 . 0  and 
Appendix 11. 
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TECHNICAL MEMORANDUM 

I N T R O D U C T I O N  

The pu rpose  of  t h i s  p a p e r  i s  to d e t e r m i n e  t h e  proba-  
b i l i t y  w i t h  which t h e  a c c e l e r a t i o n  a l o n g  t h e  main a x i s  o f  t h e  

Apol lo  CM w i l l  exceed  a g iven  v a l u e  upon impact  w i t h  t h e  ocean .  
T h i s  i n f o r m a t i o n  was r e q u e s t e d  i n  c o n n e c t i o n  w i t h  t h e  Apol lo  CM 

a n a l y s i s  o f  t h e  couch s t r o k e  r e q u i r e d  f o r  a water l a n d i n g .  [ 2 ]  

I n  S e c t i o n s  1 . 0  th rough 5 . 0  a m a t h e m a t i c a l  i d e a l i z a t i o n  
o f  t h e  problem i s  c o n s t r u c t e d  based on a c c e p t e d  s t a t i s t i c a l  de- 

s c r i p t i o n s  o f  t h e  wind speed ,  wave s l o p e ,  and water p a r t i c l e  ve loc -  
i t y  f o r  t h e  m i d - P a c i f i c  i n  t h e  month o f  Februa ry  [l] together w i t h  

a n  e x p e r i m e n t a l l y  de t e rmined  a p p r o x i m a t i o n  t o  t h e  a c c e l e r a t i o n  
f u n c t i o n .  

The o p e r a t i o n a l  c o n c l u s i o n s  o b t a i n e d  from t h i s  s t u d y  are  
g i v e n  i n  S e c t i o n  6 . 0  and Appendix I1 i n  t h e  form of  t h e  c o n d i t i o n a l  
p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  a c c e l e r a t i o n  g i v e n  t h a t  t h e  a n g l e  
o f  e n t r y  o f  t h e  c a p s u l e  i n t o  t h e  water i s  between z e r o  and 27' and 
a c e r t a i n  c o n s t r a i n t  i s  imposed on t h e  water p a r t i c l e  v e l o c i t y .  
Also i t  i s  shown i n  S e c t i o n  6 . 0  t h a t  t h i s  c o n d i t i o n a l  p r o b a b i l i t y  
d i s t r i b u t i o n  can  be  c o n s i d e r e d  t o  be  a n  uppe r  bound on t h e  uncon- 
d i t i o n a l  d i s t r i b u t i o n  o f  t h e  a c c e l e r a t i o n .  

1 . 0  PHYSICAL FORMULATION 

T e s t  d r o p s  o f  t h e  CM suspended  b y  t h ree  p a r a c h u t e s  
have  shown t h a t  t h e  CM a x i s ,  C A ,  i s  randomly o r i e n t e d  w i t h  
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r e s p e c t  t o  t h e  wind and t h a t  it o s c i l l a t e s  s i n u s o i d a l l y  abou t  a 
nominal  s u s p e n s i o n  a n g l e ,  e o ,  w i t h  an  o s c i l l a t i o n  a m p l i t u d e  o f  
4'. We w i l l  assume t h a t  t h i s  o s c i l l a t i o n  takes  p l a c e  i n  a p l a n e  
c o n t a i n i n g  t h e  CM a x i s ,  CA, and t h e  e x t e n d e d  v e r t i c a l  t h r o u g h  
t h e  p o i n t  o f  s u s p e n s i o n  o f  t h e  c h u t e s  and t h e  c a p s u l e .  

L e t  y d e n o t e  t h e  a n g l e  of e n t r y  o f  t h e  c a p s u l e  i n t o  
That  i s ,  y i s  t h e  a n g l e  between t h e  v e c t o r ,  NW, t h e  water .  

normal  t o  t h e  wave f r o n t  ( s t r u c k  by t h e  c a p s u l e )  and t h e  cap- 
s u l e  a x i s ,  CA. M I  w /  

WAVE 

FIGURE I 
( I N  TWO DIMENSIOHS) 

I f  w e  l e t  d e n o t e  t h e  o r i e n t a t i o n  a n g l e  o f  t h e  CM 
( w i t h  r e s p e c t  t o  t h e  h o r i z o n t a l  p r o j e c t i o n  o f  C A I ,  8 t h e  wave 
s l o p e  and + t h e  nominal  suspens ion  e o  p l u s  t h e  s i n u s o i d  mot ion ,  
a ,  of t h e  c a p s u l e ,  t h e n  i n  p l a c e  of F i g u r e  1 w e  have t h e  fo l low-  
i n g  t h r e e - d i m e n s i o n a l  r e p r e s e n t a t i o n  o f  our model:  

y 3  

4 

" w  

WAVE FRONT PERPENDI C U L M  
TO Tt!E y 2 y 3 -  PLANE 

y 2  

(PROJECTION OF C, IVTO 
Y , Y z  - PLANE) 

FIGURE 2 
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I n  o r d e r  t o  d e s c r i b e  t h e  a c c e l e r a t i o n  a l o n g  t h e  a x i s  
CAY t h r e e  a d d i t i o n a l  f a c t o r s  must be c o n s i d e r e d .  
i s  t h e  wind s p e e d ,  v ,  a t  t h e  moment of  i m p a c t .  T h i s  i s  obv ious  
s i n c e  t h e  wave s l o p e  i s  c l e a r l y  a f u n c t i o n  o f  t h e  wind speed, 

8 = e ( v ) .  Another  i s  t h e  s o - c a l l e d  water p a r t i c l e  v e l o c i t y ,  W .  
S i n c e  W i s  a l s o  a f u n c t i o n  of t h e  wind speed we w i l l  wr i te  

One o f  these 

w = W(v). 

I n  t h e  model ( c f .  F i g u r e  2 )  t h e  wave s l o p e  e = e ( v )  
w i l l  a l w a y s  be  measured i n  p o s i t i v e  u n i t s  and so  w i l l  n o t  - i n d i -  
c a t e  whether  t h e  c a p s u l e  s t r i k e s  t h e  wave on i t s  up o r  downwind 
s ide .  T h i s  d i s t i n c t i o n  i s  i n t r o d u c e d  i n t o  t h e  model by a l l o w i n g  
the water p a r t i c l e  v e l o c i t y  t o  take b o t h  p o s i t i v e  and n e g a t i v e  
v a l u e s ;  t h a t  i s ,  when W < 0 t h e  wave " f r o n t "  i n  F i g u r e  2 w i l l  
d e n o t e  t h e  downwind s i d e  of  t h e  wave and when W > 0 i t  w i l l  de- 
n o t e  t h e  upwind s ide .  

The t h i r d  a d d i t i o n a l  f a c t n r  i s  t .he v e r t . l c a l  v e l o c i t y  V 

a t  impac t  of t h e  d e s c e n d i n g  C M .  I t  i s  assumed t h a t  V i s  c o n s t a n t  
( i n d e p e n d e n t  o f  t h e  wind s p e e d ) .  I n  t h e  n u m e r i c a l  c a l c u l a t i o n  
w e  w i l l  s e t  v = 2 8  f p s .  

The a c c e l e r a t i o n  f u n c t i o n  a l o n g  t h e  CM a x i s ,  C A Y  upon 
11 

impact  i s  deno ted  by x. Based on t h e  r e s u l t s  o f  1/4 s c a l e  model 
CM t e s t  d rops  conducted  by  N A S A ,  Langley ,  [ 2 ]  we may assume 
t h a t  

i s  a f u n c t i o n  o f  t h e  water  p a r t i c l e  v e l o c i t y  w ,  t h e  e n t r y  a n g l e  
y and t h e  wind speed v through w and y .  T h a t  y i s  f u n c t i o n  of 
t h e  wind speed i s  c l e a r  f rom F i g u r e  2 .  I n d e e d ,  
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where v a g a i n  d e n o t e s  t h e  ( o b s e r v e d )  wind speed. 

Thus 

Now, as one would s u r m i s e ,  we a re  -- n o t  g i v e n  a n  e x p l i c i t  
11 

f u n c t i o n a l  form f o r  x, b u t  r a t h e r  a graph  (Appendix I )  o f  t h i s  

f u n c t i o n  f o r  p a r t i c u l a r  v a l u e s  o f  w = w ( v ) .  I n  o r d e r  t o  o b t a i n  
a s o l u t i o n  of  t h e  problem, t h e  cu rve  x ( 0 , y )  was approximated  f rom 
above by a f u n c t i o n  o f  t h e  c o s i n e  of  t h e  e n t r y  a n g l e .  We eons id -  
e r  t h i s  approx ima t ion  as t h e  f u n c t i o n  i t s e l f  and  w r i t e  

I 1  

where 

A = A ( y )  = cos y 

f o r  0 5 - y 2 - 2 7 O  ( t h e  e x t e n t  o f  t h e  d a t a ) .  

T h i s  combined w i t h  t h e  e m p i r i c a l  -- fo rmula  ( f u r n i s h e d  b y  

J .  R ichey ,  Bellcomm): 

11 11 

x = x(w,y)  = (1 t X ( 0 , Y )  Y 
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where V i s  t h e  v e r t i c a l  v e l o c i t y  a t  impact  of t h e  d e s c e n d i n g  ClVI 

( V  = 28  f p s  as mentioned e a r l i e r ) ,  leads t o  t h e  t r a c t a b l e  form: (1) 

for Iw(v) I 5 - 3 o *  ( o *  w i l l  be d e f i n e d  below i n  such  a way t h a t  
a *  < 5 for a l l  p r o b a b l e  v a l u e s  o f  v )  and cos 2 7 O  - A(v) 2 1, 

where 

A = A(v) = cos y ( v )  . 

From F i g u r e  1 w e  e a s i l y  see t h a t  

= ( 0 ,  s i n  e ,  cos  e )  NW 

and 

C A  = ( s i n  3, cos 0, s i n  9 s i n  0, cos  $ )  . 

Hence, s i n c e  INw] = 1 = I C A ] ,  we have 

( 4 )  

(1)From t h i s  p o i n t  on t h e  dependence o f  t h e  a c c e l e r a t i o n  
11  

x on t h e  e n t r y  a n g l e  w i l l  be g i v e n  th rough  i t s  dependence on 
x = A ( y )  = cos  y .  
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NW 'A x = cos  y = 

= s i n  e s i n ( e O + a )  s i n  4 + cos  e c o s ( e  + a )  
0 

where w e  have used  J, = e o  + a.  

2.0 PROBABILISTIC FORMULATION 
11  It 

P h y s i c a l l y ,  t h e  f u n c t i o n  x = x(w,A) i s  d e f i n e d  i n  t h e  
e n t i r e  s e t  R x[-1,1], a l though  i t  i s  on ly  g i v e n  ( e q u a t i o n  3 )  f o r  
( w , X )  i n  s u b s e t s  o f  t h e  form 

1 

f o r  a l l  61 such  t h a t  cos  2 7 O  5 61 < 1. - 

However, t h e  geometry o f  t h e  model i n d i c a t e s  t h a t  t h e  
11 

l a r g e r  v a l u e s  o f  x w i l l  occur  when t h e  e n t r y  a n g l e  y i s  small ;  
t h a t  i s ,  when t h e  c o s i n e  o f  t h e  e n t r y  a n g l e ,  A ,  i s  c l o s e  t o  1. 

Also t h e  r e s t r a i n t  on t h e  water  p a r t i c l e  v e l o c i t y ,  w ,  ( v i z . ,  
I w I  < 3 a * )  w i l l  m e r e l y  r e f l e c t  t h e  f a c t  t h a t  t h e  water p a r t i c l e  
v e l o c i t y  i s  c o n s t r a i n e d  ( i n  p r o b a b i l i t y ) ,  t o  a symmetr ic  i n t e r -  
v a l  abou t  i t s  mean v a l u e  z e r o  o f  a t  l e a s t  t h r e e  s t a n d a r d  d e v i a -  
t i o n s  i n  l e n g t h  on each  s i d e  of t h e  o r i g i n .  Hence, f o r  t h e  

p u r p o s e s  o f  t h e  problem and i n  view o f  t h e  l i m i t e d  amount o f  
d a t a  a v a i l a b l e  we w i l l  f i n d  t h e  p r o b a b i l i t y  t h a t  a c c e l e r a t i o n  
e x c e e d s  a g i v e n  v a l u e  5 given  t h a t  t h e  e n t r y  a n g l e  and water 
p a r t i c l e  v e l o c i t y  t a k e  v a l u e s  i n  t h e  s e t  C(6 ) , ( c o s  2 7 O  

Tha t  i s ,  w e  w i l l  f i n d  
61 < 1). 1 - 
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j. 0 ASSTJNTTIONS - 

The v e r b a l  assumpt ions  of  t h e  i n t r o d u c t i o n  m y  b e  

:;t,ated ma themat i ca l ly  as f o l l o w s :  

(i) - a = a O  s i n  - 6, where a. = 4 O  aiicl - 8 i s  a i'ttriuoni v a r i a b l e  
( r  .v .  ) hav ing  a uniform d i s t r i b u t i o n  o v e r  t h \  ' ~ ~ : , c ~ r ~ v ; t l  

( i i )  - t h e  o r i e n t a t i o n  a n g l e ,  i s  a r . v .  h a v i n g  tt urii  f 'om 

d i s t l - i b u t i o n  o v e r  t h e  i n t e r v a  1 ( 0 ,  2 I I  ) . 

(iii) E, t he  wind s p e e d ,  i s  a Y . V .  w i t 1 1  d i s t r i b u t i o n  f u n c -  
t i o n  (a.f.) G ,  where G i s  g i v e n  i n  arl F::C IAeport 111 
( a l s o  see Appendix IV). 

( i v )  e ,  t h e  wave s l o p e ,  i s  a r . v .  whose ( co r id i t i o r i a3 )  d . f .  

g i v e n  t h a t  t h e  r . v .  - U assunies  t h e  v a l u e  v (tkle ob- 

s e r v e d  wind speed  i r i  k n o t s )  i s  the saiile as tkie d . f ' .  

of' tile a b s o l u t e  v a l u e  of tlie Gauss ian  r . v .  
e * ( v ) d . I ( O , u S ( v ) ) ;  t h a t  i s ,  8 * ( v )  tias a Gauss ian  d i s -  

t r i b u t i o n  w i t h  z e r o  mean and  s t a n d a r d  d e v i a t i o n  o n ( v ) .  
3 - 

g i v e n  b y  u s (v )  = 0.~9[0.808(10-3)v-0.005~] r a d i a n s  
- 

f o r  v > vo = ( ' j . 8 / . 8 0 8 ) k n o t s .  [I] 

(2)lrJe w i l l  d i s t i n g u i s h  between a random v a r i a b l e  and  t h e  

v a l u e s  assumed b y  a random v a r i a b l e  by w r i t i n g  - A for t h e  former 
and X f o r  t n e  l a t t e r .  When conven ien t  we will a l s o  u s e  t h e  

c o r r e s p o n d i n g  c a p i t a l  l e t t e r  f o r  t h e  r . v .  a n d  lower  c a s e  for 
t h e  riuriher, e .  g., W - arid w .  
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( V I  W ,  t h e  w a t e r  p a r t i c l e  v e l o c i t y ,  i s  a random v a r i a b l e  
whose ( c o n d i t i o n a l )  d . f .  g i v e n  t h a t  t h e  wind speed U - 
assumes t h e  v a l u e  v i s  i d e n t i c a l  w i t h  a n  N ( 0 ,  a , (v) )  
d . f  ., where 

2 
w i t h  O! = 8.10(10-3) ,  g = 32.2 f p s  , 
t h e  N(0,l) normal  d . f .  [ 3 , 4 ]  ( f o r  j u s t i f i c a t i o n  o f  t h e  

fo rmula  f o r  o W 2 ( v )  see Appendix 111). 

= 0.74 a n d  o i s  

Se t  

The c u t o f f  p o i n t  4 5  i s  used  s i n c e  P([U<45]) - = 1. I n  
( i v )  and ( v )  w e  w i l l  w r i t e  

and 

P(W_<ylg = v )  = P(W_(v)<y) , r e s p e c t i v e l y  . 

f r o m  ( i v ) .  
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We assume t h a t  

- 9 -  

t h a t  i s ,  t h e  r . v . ' s  W - and - e a r e  " c o n d i t i o n a l l y  i n d e -  
penden t " .  

Note t h a t  W(v) - does  n o t  mean t h e  v a l u e  o f  t h e  r . v .  W - a t  v ;  t o  
t h i s  end w e  obse rve  t h a t ,  e . g . ,  [W(v)<y,] = { e : ( W _ ( v ) ) ( e ) < y 2 ) .  

4 .0  MATHEMATICAL SOLUTION 

R e c a l l  t h e  opening  remarks o f  Section 2.0  and  l e t  

f o r  some ( f i x e d ) t > O .  Then t h e  c a l c u l a t i o n  o f  e q u a t i o n  ( 7 )  i s  
e q u i v a l e n t  t o  t h e  c a l c u l a t i o n  o f  

and 

F o r  t h i s  p u r p o s e ,  l e t  c > O  be f i x e d  and c o n s i d e r  t h e  

f o l l o w i n g  t h r e e  c a s e s :  
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It i s  c l e a r  t h a t  i n  cases I and I1 t h e  p r o b a b i l i t y  i n  
( 7 )  has t h e  v a l u e s  0 and  1, r e s p e c t i v e l y .  However, t h i s  f a c t  
i s  o f  v a l u e  on ly  i f  w e  know f o r  which v a l u e s  o f  5>0 c a s e s  I and 
I1 o c c u r .  F u r t h e r ,  c a s e  I11 canno t  b e  c o n s i d e r e d  u n t i l  t h e  

e x a c t  form of B A C ( d l )  i s  known f o r  v a r i o u s  v a l u e s  o f  5. 
accompl i sh  t h i s ,  we s e t  x = C( t.0) i n  ( 3 )  and o b t a i n  t h e  fo l low-  
i n g  e q u a t i o n  f o r  h i n  terms o f  w: 

T o  5 11 

l w / < 3 a *  where 3a*<28.  ( c f .  e q u a t i o n  ( 8 ) ) .  

C l e a r l y ,  f o r  f i x e d  5 > 0 ,  t h e  mapping w + g 5 ( w )  ( w > 2 8 )  i s  
a s t r i c t l y  d e c r e a s i n g  con t inuous  f u n c t i o n  such  t h a t  g ( w ) + t -  as 

e x i s t s  and i s  a l s o  s t r i c t l y  d e c r e a s i n g  and c o n t i n u o u s .  Hence, 
t o  e a c h  5 > 0 ,  t h e r e  co r re sponds  a unique  p a i r  o f  r e a l  numbers 
( w ' w " )  such  t h a t  

-1 5 
w+-28+ and gE(w)+O as w++=.  Hence, t h e  i n v e r s e  f u n c t i o n  g 5 '  

( 4 )  

a n d  

FOR EXAMPLE: A 

A =  I 

A =  81 

I 
I 
I --u 

-3a* 0 ' '  0 0' 3a* 1 
f /  * 11.3 1 -- 
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and  n o t e  t h a t ,  a l t h o u g h  

f o r  a l l  C > O  ( s i n c e  1 > and g t$  ) ,  w e  may have 

f o r  some s e t  of C > O .  By (13), (15 )  o c c u r s  i f  and on ly  i f  
e i t h e r  

o r  

b u t  n o t  b o t h  ( c f .  ( 1 4 ) ) .  Equa t ion  ( 1 6 )  and  ( 1 7 )  can  be s o l v e d  
t o  o b t a i n  t h e  i n t e r v a l  
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such  t h a t  

F u r t h e r ,  ( 1 6 )  i s  e q u i v a l e n t  t o  5 - < a,( and  case 
11. Hence, 

I n  t h e  same way,  ( 1 7 )  i s  e q u i v a l e n t  t o  5 - > a2(l) and 
case I. Hence, 

F i n a l l y ,  c a s e  I11 o c c u r s  i f  5 E I (  61, o * )  = (a,( 6,) ,a2( d 2 ) )  

and i n  t h i s  c a s e  

where 

a 2 ( l )  = 38 ( 1 + ; u * ) l - 3  
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and  

Hence, s i n c e  

w e  need  on ly  c a l c u l a t e  t h i s  c o n d i t i o n a l  p r o b a b i l i t y  f o r  a l l  
5 E (a1(61)s a 2 ( 1 ) ) .  

Now, - X i s  dependent  upon t h e  w i n d  speed  s i n c e  h = X ( y )  

and y = y ( e ( v ) ,  a, $ ) ,  s o  u s i n g  a s sumpt ions  (iii - v i )  and  t h e  

Radon-Nikodym d e f i n i t i o n  of c o n d i t i o n a l  p r o b a b i l i t y  w e  o b t a i n  
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i s  t h e  c o n d i t i o n a l  d . f .  of t h e  P . V .  A g i v e n  t h a t  U A h )  - where F 
a s s u m e s t h e  v a l u e  v a n d ,  a s  mentioned i n  assumpt ion  ( v ) ,  @ 

i s  t h e  c o n d i t i o n e d  d . f .  of t h e  r . v .  W g i v e n  t h a t  U = v .  

Then, f rom ( 2 1 )  f o r  1 

w e  have 

It f o l l o w s  e a s i l y  t ha t  

(1) = 1 (v>O)  and ( 2 7 )  where w e  have used  t h e  f a c t  t h a t  F A ( V )  
h o l d s .  

- - 
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I n  t h e  same manner, i t  i s  found t h a t  

independen t  of 5. 

E q u a t i o n s  ( 2 9 )  and ( 3 0 )  t h e n  a l l o w  t h e  computa t ion  o f  
I 1  

P { [ & > E ]  I (W,A) E C (  ~ 3 ~ )  1 when ( 2 7 )  h o l d s  , once t h e  f u n c t i o n a l  form 
i s  known. For t h i s  pu rpose  w e  r e c a l l  e q u a t i o n  (5) i n  of F 

t h e  Form 
X ( V >  

Then, s i n c e  e ( v )  , & and  a a r e  independen t  r . v .  Is, - - 

Hence, f rom t h e  d e f i n i t i o n  of  c o n d i t i o n a l  p r o b a b i l i t y  
and t h e  independence  of - e ( v >  and - a, 
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a n d  Fa a re  t h e  d . f . * s  o f  e ( v )  and a r e s p e c t i v e l y .  

F i n a l l y ,  u s i n g  a s sumpt ions  (i) and (iii) i t  i s  e a s i l y  

- -, e (VI - 
where F 

- 

s e e n  ( a n d  well-known) t h a t  

and 

where cf) i s  t h e  N(0,1), normal d . f .  

L e t  

Then ( 3 3 )  becomes 



BELLC'OMM. INC. - 17 - 

where t h e  d . f .  o f  t h e  r . v .  s in& i s  well-known. 

Combining e q u a t i o n s  ( 2 4 1 ,  ( 2 5 ) ,  ( 2 9 ) ,  ( 3 0 )  and  ( 3 7 )  w e  
have  t h e  complete  s o l u t i o n  of t h e  problem u n d e r  t h e  s t a t ed  
a s s u m p t i o n s .  

11  

5 . 0  THE N U M E R I C A L  C A L C U L A T I O N  OF P ( X  2 ~ l ( ~ , ~ ) ~ C ( d ~ ) )  - - -- 
Due t o  t h e  f a c t  t h a t  t h e  d . f .  G o f  t h e  wind speed  i s  

known on ly  i n  g raph  form (Appendix IV), w e  r e p l a c e  G by t h e  
s t e p  f u n c t i o n  

M 

!?,= 1 

where t h e  v!?, ( !? ,=1 ,2 , - - . ,M)  are M s u i t a b l y  chosen v e l o c i t i e s  
between 0 and  45 k n o t s  and  

w i t h  vo=O, v,=45 k n o t s .  
s t r u c t e d  b y  smooth ing  a f i n i t e  number o f  e x p e r i m e n t a l  o b s e r v a t i o n s ,  

S ince  t h e  o r i g i n a l  graph o f  G w a s  con- 

( 6 )  E i s  t h e  u n i t  d . f .  t a k i n g  one jump o f  magni tude 1 a t  
t h e  o r i g i n .  
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t h i s  i s  n o t  much o f  a r e s t r i c t i o n .  Even s o ,  by  t a k i n g  M l a r g e  
w e  can make t h e  agreement  between t h e  h y p o t h e t i c a l  G and FU as 
c l o s e  as d e s i r e d .  However, as w e  s h a l l  p o i n t  o u t  below t h e  

magnitude of M w i l l  b e  r e s t r i c t e d  by computer t ime .  

A s  f o r  t h e  s i m p l i f i c a t i o n s  t o  b e  i n t r o d u c e d  below 
t h e y  can be  though t  o f  as l e a d i n g  t o  a p p r o x i m a t i o n s  of t h e  

t h e o r e t i c a l  e x p r e s s i o n s  i n  e q u a t i o n s  ( 2 9 )  and  ( 3 7 ) ;  o r  t h e y  can 
b e  c o n s i d e r e d  as s i m p l i f i c a t i o n s  i n  t h e  o r i g i n a l  model. The 

l a t t e r  v i ewpo in t  i s  by f a r  t h e  most h o n e s t ;  i n d e e d ,  t h e  f o r m e r  
i n t e r p r e t a t i o n  t a c i t l y  assumes t h a t  we a re  ab le  t o  make t h e  

approx ima t ion  d i f f e r  from t h e  t r u e ,  b u t  unknown, v a l u e  by a t  
most a s p e c i f i e d  e r r o r ,  and  t h i s  i t  seems r e q u i r e s  f a r  t o o  much 
machine t i m e  t o  be  f e a s i b l e .  

The f i rs t  such  s i m p l i f i c a t i o n ,  c o n s i s t s  i n  "g roup ing  
t h e  da ta"  c o n c e r n i n g  t h e  wave s l o p e .  Tha t  i s ,  we r e p l a c e  t h e  

a b s o l u t e l y  con t inuous  d . f .  of - 6 ( v )  b y  t h e  s t e p  f u n c t i o n  

N 

n= 1 

where en  = n6N for n=1,2;-*,N-l w i t h  6 N  = ( I g / N - l ) O ,  

eN  = 18.5O ( 7 ) ,  and where 

~ 

(7 )The  c h o i c e  o f  t h e  c u t o f f  p o i n t  18.5O i s  r e a s o n a b l e  s i n c e  

- 1 2  0 . 9 8 .  as(45) = max a s ( v )  = .1381032 r a d i a n s  and  2 @  - O<v<45 
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f o r  n = 1 , 2 , * * * , N - 1  and 

I n t r o d u c i n g  e q u a t i o n s  ( 3 8 )  and ( 3 9 )  i n t o  ( 2 9 ) ,  ( 3 0 )  and  ( 3 7 ) ,  
s e t t i n g  

A n ( a )  = s i n  0 s i n ( B o + a )  n 

~ ~ ( a )  = C O S  e cos(eo+Q) n 

a n d  n o t i n g  t h a t  

A,(.) > 0 f o r  all C L E ( - Q ~ , C I ~ )  

w e  o b t a i n  
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L = 1 , 2 , " ' , M  9 ( 4 2 )  

where Fsin$ i s  t h e  d . f .  o f  s i n k  ( a n  " a r c - s i n e  law").  

Q(61) i s  g i v e n  by  a s l i g h t l y  s i m p l e r  e x p r e s s i o n  of 
t h e  same t y p e  d e r i v e d  from e q u a t i o n  ( 3 0 ) .  

I 

Two problems a r i s e  w i t h  t h e  c a l c u l a t i o n  o f  ( 4 1 )  v i a  
( 4 2 ) :  machine time and accuracy .  I f  t h e  accu racy  o f  t h e  c a l -  
c u l a t i o n  of t h e  doub le  i n t e g r a l  i s  b rough t  w i t h i n  t h e  des i red  

l i m i t ,  t h e n  t h e  machine time i s  p r o h i b i t i v e  even f o r  moderate  
v a l u e s  of M and  N ;  e .g . ,  i f  M = 1 0 ,  N = 20 and t h e  doub le  
i n t e g r a l  r e q u i r e s  2 minutes ,  t h e n  j u s t  t h i s  p a r t  o f  t h e  program 
r e q u i r e s  o v e r  s i x  hour s  and t h i s  i s  j u s t  f o r  one v a l u e  o f  E !  
Moreover, a t  5 = 20°,  t h e  normal m i s s i o n  l i m i t ,  t h e  t h i r d  term 
i n  ( 4 2 )  i s  z e r o  and t h e  sums w i t h  r e s p e c t  t o  11 o f  t h e  f i r s t  
two terms a re  each very  c l o s e  t o  one; hence ,  e r r o r s  i n  t h e  

n u m e r i c a l  va lue  of  t h e  sum ( r e l a t i v e  t o  n) of t h e  N double  
i n t e g r a l s  i n  even  t h e  second o r  t h i r d  dec ima l  p l a c e  are 
s e r i o u s .  
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I n  o r d e r  t o  f a c i l i t a t e  t h e  c a l c u l a t i o n  and t o  o b t a i n  
r e s u l t s  which w i l l  b e  more a c c u r a t e l y  i n t e r p r e t e d ,  t h e  model i s  
Once more s i m p l i f i e d  t o  t h e  e x t e n t  t h a t  t h e  d . f .  F o f  t h e  
s i n u s o i d a l  o s c i l l a t i o n  i s  "quan t i zed" .  T h i s  intro?iuces  on ly  
s i n g l e  i n t e g r a l s  i n t o  t h e  f i n a l  c a l c u l a t i o n  and t h e  machine i s  
c a p a b l e  of h a n d l i n g  t h e s e  wi th  r a p i d i t y  and a c c u r a c y .  

a 

Hence, i n  p l a c e  of F i n  ( 3 3 1 ,  w e  u s e  
a 

where 

x = -a t ( i - 1 ) 6 R  f o r  i = 2,3,**-,R i 0 

w i t h  

and 

f o r  i = 2,3,*-*,R and 

= F ( - ( 3 . 8 ) O )  . a hi - 
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T h e r e f o r e ,  t h e  f i n a l  r e s u l t s  f o r  a l (d l )  < 5 < a 2 ( l )  
are based on e q u a t i o n  ( 4 1 )  w i t h  ( 4 2 )  r e p l a c e d  by 

and a s imilar  e x p r e s s i o n  f o r  Q(6,). 

6 . 0  CONCLUSIONS 

It has been  p o i n t e d  o u t  e a r l i e r  ( S e c t i o n  2 . 0 )  t h a t  t h e  
11 

c r i t i c a l  v a l u e s  of t h e  a c c e l e r a t i o n  X o c c u r  when t h e  e n t r y  a n g l e ,  
y, i s  "small". Thus,  t h e  l i m i t a t i o n  o f  h a v i n g  no  data above a n  
e n t r y  a n g l e  of  270 i s  o f  l i t t l e  consequence .  

H e u r i s t i c a l l y ,  t h i s  i s  s i m p l y  t h e  s t a t e m e n t  t h a t ,  for 
11 

modera t e  t o  large v a l u e s  of 5 ,  t h e  p r o b a b i l i t y  t h a t  X exceeds  
5 g t s  g i v e n  t h a t  y>2To  i s  not  g r e a , t e r  t h a n  t h e  p r o b a b i l i t y  o f  
t h i s  e v e n t  g i v e n  t h a t  0 5 ~ 5 2 7 ~ .  - -  
s t a t e m e n t  t h a t  

T h i s ,  i n  t u r n ,  i s  e s s e n t i a l l y  t h e  
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Moreover,  i t  i s  eas i ly  s e e n  t h a t  i f  ( 4 3 )  h o l d s ,  t h e n  

It i s  t h e  e n g i n e e r i n g  consensus  t h a t  ( 4 3 )  h o l d s  a t  l eas t  
Thus,  t h e  c a l c u l a t e d  v a l u e s  o f  P(X - -  1 5 I (W,X)EC(G~)) 11 

f o r  5 - 210 g ' s .  

c o n s t i t u t e  a n  uppe r  bound on t h e  u n c o n d i t i o n a l  p r o b a b i l i t y  t h a t  
11 

X 2 5 ,  f o r  

A t  t h e  time t h i s  pape r  was w r i t t e n  t h e  normal  miSs ion  
l i m i t  was a p p r o x i m a t e l y  2 0  g l s  and t h e  emergency m i s s i o n  l i m i t  
was a p p r o x i m a t e l y  40 g ' s .  From t h e  t a b l e  i n  Appendix I1 it i s  
s e e n  t h a t ,  a c c o r d i n g  t o  o u r  model and t h e  p r e c e d l a g  remarks, t h e  
fo rmer  e v e n t  s h o u l d  n o t  occur  more t h a n  5 times i n  a s e r i e s  o f  
1 0 0  l a n d i n g s ,  while t h e  l a t t e r  e v e n t  s h o u l d  n o t  o c c u r  a t  a l l .  More 
d e t a i l e d  r e s u l t s  are  ava i lab le  i n  Appendix 11. 

I n  a d d i t i o n  t o  u s i n g  e q u a t i o n  ( 4 4 )  i n  t h e  i n t e r p r e t a t i o n  
o f  these  r e s u l t s ,  it must be n o t e d  t h a t  t h e  model c o n s t r u c t e d  here 
does  n o t  take i n t o  c o n s i d e r a t i o n  t h e  c rosswind  component o f  t h e  

s l o p e  o f  t h e  sea s u r f a c e  ( see  [l]), b u t  o n l y  t h e  up and downwind 
components .  However, t h e  i n t r o d u c t i o n  o f  t h e  c ros swind  components 
i n t o  t h e  mode1,would o n l y  r educe  t h e  l i k e l i h o o d  o f  occur ' rence of 
waves w i t h  "large" s l o p e s  and, hence ,  d e c r e a s e  t h e  p r o b a b i l i t y  of  
t h e  e v e n t  X 2 5 as compared t o  t h i s  p r o b a b i l i t y  i n  t h e  g i v e n  
model.  Thus,  w i t h  r e s p e c t  t o  sea s u r f a c e  s l o p e s ,  o u r  p r o b a b i l -  
i t i e s  of  t h e  v a l u e  o f  t h e  a c c e l e r a t i o n  are somewhat larger t h a n  
s h o u l d  b e  e x p e c t e d  i n  r e a l i t y .  

11 

- 

I n  t h i s  d i r e c t i o n ,  i t  s h o u l d  a l s o  be p o i n t e d  o u t  t h a t  
)I 

i n  t h e  a p p r o x i m a t i o n  o f  the  g r a p h  o f  X(0,y) (see S e c t i o n  1 . 0 ,  p .  4 )  
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by 38 ( c o s  y)14 = g h ) ,  we have a un i fo rm o v e r e s t l m a t e ,  i . e . ,  

X ( 0 , ~ )  5 g ( r )  f o r  a l l  Y ,  0 5 Y 2 27'. 
quence  t h a t  once a g a i n  t h e  p r o b a b i l i t i e s  g e n e r a t e d  by o u r  model 
are s l i g h t l y  i n  e x c e s s  o f  t h o s e  t h a t  s h o u l d  be e x p e c t e d  i n  re- 
a l i t y .  

I 1  

T h i s  f a c t  has t h e  conse-  - 

F i n a l l y ,  t h e  a n a l y s i s  f o r  which t h e  above i n f o r m a t i o n  
was r e q u e s t e d  a l s o  r e q u i r e d  t h e  p r o b a b i l i t y  t h a t  t he  e n t r y  a n g l e ,  
Y ,  w i l l  exceed  a g i v e n  a n g l e  0 .  T h i s  f o l l o w s  i m m e d i a t e l y  from 
e q u a t i o n  ( 3 3 )  and t h e  remarks i n  S e c t i o n  5 ; 0 . -  C a l c u l a t i o n  
y i e l d s  t h e  following t ab l e :  

5 O  

10' 

15' 
2 oo 
25O 
30' 
31' 
35' 
40' 

45' 

1.000 

0 998 
0.985 
0 932 
0.684 
0.326 

0.237 
0.094 
0 . 0 1 1  
0 , 0 0 1  

It i s  i n s t r u c t i v e  t o  n o t i c e  t h a t  on t h e  basis  of t h i s  

t a b l e  t h e  e v e n t s  [ O  I y 2 27'3 and [27' 5 y ]  a re  a p p r o x i m a t e l y  
e q u a l l y  p r o b a b l e  and ,  f u r t h e r ,  t o  p o i n t  o u t  t h a t  t h i s  has n o t h i n g  
t o  do  w i t h  t h e  i m p l i c a t i o n  (43)*(44). 

- - - 



BELLCOMM, INC. - 25  - 

ACKNOWLEDGEMENT 

I would like to thank Mrs. T. Cobrin f o r  her invaluable 
help and patience in obtaining the numerical results and 
Mr. J. D. Richey f o r  his very helpful assistance in the formula- 
tion of the problem. 

1033-GRA-jdc 

Attachments 
References 
Appendices I - IV 

G. R. Andersen 



BELLCOMM, I N C .  

REFERENCES 

[l] CM Water Landing Cr i te r ia  - Ref. P6-5/L114/65 - 7 4 6 ;  l e t t e r  

[ 2 ]  J .  D.  Richey , l lApol lo  CM-Analysis o f  Couch Impact A t t e n u a t o r  

s e n t  b y  MSC t o  North American A v i a t i o n  Company on J u l y  6 ,  1965.  

S t r o k e  Requ i red  f o r  Water Landing , I :  T e c h n i c a l  Memorandum, 
67-2033-1, March 1 5 ,  1967 ,  Bellcomm, I n c .  

[3 ]  W .  J .  P i e r s o n ,  Jr. , L i o n e l  Maskowitz,  "A Proposed S p e c t r a l  
Form f o r  F u l l y  Developed Wind S e a s  b a s e d  on t h e  S i m i l a r i t y  
Theory o f  S. A .  K i t a i g o r o d s k i l , n  J o u r n a l  of  GeoPhYsics 
Resea rch ,  96 ,  24 5181-5190- 

E 4 1  Let t e r  from D .  E .  Ca r twr igh t  ( N a t i o n a l  I n s t i t u t e  f o r  Ocean- 
ography,  Wormley ( S u r r e y )  2 1 2 2 ,  England)  t o  W .  W .  E l a m ,  
Bellcomm, I n c .  



m 
hl 

F I 

m 



I 

s 

In 
(3 

0 
O 

ln cv 

0 el 

In - 

0 

In 



BELLCOMM, I N C .  

.... 
A P P E N D I ~  I ~ I  

I n  r e f e r e n c e s  [ 2 ]  and [ 4 ] ,  w e  o b t a i n e d  

2 
where wo = g/v,  v i s  t h e  wind speed  i n  f p s ,  g = 3 2 . 2  . f p s  , 
c1 = 8.10 
4- (i = 1 , 2 )  w i t h  ki = 2 n / X i . ,  where X i  i s  t h e  wave l e n g t h  
i n  f e e t .  

B = 0 .74  ( d i m e n s i o n l e s s  c o n s t a n t s )  and wi = 

Under a s imple  t r a n s f o r m a t i o n  e q u a t i o n  ( * )  becomes 

2 av2 E [@ (a( +)2)-@p- ( + I 2 ) } *  B u ( v )  = - 2 
\ 

Now, t h e  agency r e q u e s t i n g  t h i s  s t u d y  r e q u i r e d  t h a t  A 1  = + c1 

and h 2  = 2 6 .  Hence, we o b t a i n  

2 The r e a s o n  f o r  e x p r e s s i n g  0 ( v )  i n  terms o f  t h e  normal  
d . f .  i s  o f  cour se  t o  avo id  t h e  t e d i o u s  numer i ca l  i n t e g r a t i o n  o f  
t h e  i n t e g r a l  i n  e q u a t i o n  ( * ) ;  s i n c e  t h e  normal d . f .  i s  w e l l  t abu -  
l a t ed .  
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